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Considering the p-r symmetry, we discuss a direct linkage between phases of flavor neutrino 
masses and leptonic CP violation by determining three eigenvectors associated with M = M^M V 
for a complex flavor neutrino mass matrix M v in the flavor basis. Since the Dirac CP violation is 
absent in the p-r symmetric limit, leptonic CP violation is sensitive to the \jl-t symmetry breaking, 
whose effect can be evaluated by perturbation. It is found that the Dirac phase (8) arises from 
t**"* ' the fjrT symmetry breaking part of M e(JjeT and an additional phase (p) is associated with the p-r 

symmetric part of M e(J , eT , where My stands for an ij matrix element (i, j=e, p, r). The phase p 
is redundant and can be removed but leaves its effect in the Dirac CP violation characterized by 
a'm(5 + p). The perturbative results suggest the exact formula of mixing parameters including that 
, , of 8 and p, which turns out to be free from the effects of the redundant phases. As a result, it 

is generally shown that the maximal atmospheric neutrino mixing necessarily accompanies either 
sin 8i3 — or cos(<5 + p) = 0, the latter of which indicates maximal CP violation, where #13 is the 
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v e -u T mixing angle. 

PACS numbers: 12.60.-i, 13.15.+g, 14.60.Pq, 14.60.St 



> 
CO 

O ' I. INTRODUCTION 
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\q , Properties of neutrinos have been extensively studied by various experiments [l], 0, 0, 01 since the historical confir- 
C^) ' mation of the atmospheric neutrino oscillations by the Super-Kamiokande collaboration [5| . For our understanding of 
hidden properties of the neutrinos it is physically significant to observe leptonic CP violation in future neutrino experi- 
ments [6| since there is no reason that prevents the appearance of CP violation in the lepton sector. Theoretically, lep- 
tonic CP violation is sensitive to phases [7f of the PMNS (Pontecorvo-Maki-Nakagawa-Sakata) unitary matrix Upmns 
that converts the flavor neutrinos v e ^^ T into the massive neutrinos ^1,2,3: Vf — {Upmns) fi^i (/= e , A 1 , T ; i=l,2,3) [8j, 
where a neutrino mass matrix M v in the flavor basis is transformed into Up MNS MvUpMNS = dia.g.(mi, m2, 1TI3). CP 
effects in neutrino reactions are known to be characterized by the Jarlskog invariant Jcp proportional to sin #13 sin S 
Q, where $13 and 5, respectively, stand for the v e -v T mixing angle and the CP violating Dirac phase. However, these 
two quantities are not experimentally well known and the current data show the upper bound on #13 (To| : 

sin 2 13 = 0.9 x 10- 2 , (1) 

and no indication of the presence of 5. For a given value of #13, CP violation becomes maximal if <5 = 7r/2 (modulo 
7f). It is of great importance to accumulate theoretical knowledge about 6*13 and S. We expect that it also provides 
useful information on the choice of CP phases in the leptogenesis 1 1 il l to create the baryon number in the Universe 

The leptonic CP violation is usually parameterized by phases in Upmns given by the particle data group [1 31 ] . 
which we call Up® INS , as Up^ INS (5) = U v (5, 0, 0) K (/3i, 02, P3)' 

C12C13 S12C13 

U v (5,0,0) = \ -C23S12 - S 2 3Cl2Sl 3 e lS C23C12 - S 2 3Sl2Sl 3 e lS 
S23S12 - C 2 3Cl2S 13 e lS -S23C12 - C 2 3Sl2S 13 e lS 

K = diag(e^,e^,e^), (2) 




'Electronic address: 5asnm016@keyaki.cc.u-tokai.ac.jp 
^Electronic address: yasue@keyaki.cc.u-tokai.ac.jp 



2 



for Cij = cosOij and Sij = sin0jj (i, j— 1,2,3), where 6{j stand for three neutrino mixing angles. The Majorana CP 
violation phases are determined by two combinations of /3i,2,3 such as (3i — (3% (i=l,2,3). Since the knowledge on 
flavor neutrino masses M v contains all information of new physics of neutrinos, to speak about CP violations, it is 
useful to find direct linkage between phases in M„ and CP violating Dirac and Majorana phases. However, phases in 
M v are not uniquely determined because of the freedom of the redefinition of phases of the flavor neutrinos without 
affecting physical consequences and thus contain redundant phases. This freedom dictates other versions of Upmns 
than Eq.([2|). The true effect of the Dirac CP violation can only be discussed after obtaining Upmns and is described 
in terms (U pmns) fi through Jap, which is free from the effect of the redefinition. There is a useful formula without 
referring to Upmns to determine the Jarlskog invariant in terms of MJM V (= M), whose matrix element is denoted by 
My (i,j=e,p,r) Q: J C p = Im(M eA1 M AlT M Te )/(Amf 2 ATO| 3 Am| 1 ), where Am?- =m?-m| (i,j=l,2,3). However, 
in any cases, it is not an easy task to find from Jcp which flavor neutrino mass of M is mainly responsible for the 
Dirac CP violating phase. 

We have advocated the use of the /x-r symmetry [ID, [l|| [I?], [H, Ell to evaluate effects of leptonic CP violation 
[20L I2H [H, [23[. It is based on the observation that the /x-t symmetric texture gives sin $13 = (or sin #12 = [HI) 
giving no Dirac CP violation. 1 Therefore, leptonic CP violation is sensitive to how the /x-r symmetry is broken. For 
example, if the /x-r symmetry breaking part of M v is restricted to be pure imaginary and if its symmetric part is real, 
the Dirac CP violation becomes maximal for given mixing angles and the atmospheric neutrino mixing is also becomes 
maximal 0, HH, [H, HI • This texture shows M eT =-0"Af* (a = ±1) and M TT =M*^, where M i3 (i,j=e, fi,r) stands 
for the i-j matrix element of M u . 2 It can be further shown that this condition is extended to a more general one: 
\M eT \ = \M efi \ and |M TT | = |M W | [H. 3 

It is known that the /x-r symmetry required for neutrinos is badly broken by charged leptons. Since a pair of the 
charged lepton and neutrino forms an S , [/(2)i-doublet, discussions based on the /x-r symmetry required for neutrinos 
may be useless. However, it should be noted that to talk about the experimental results of neutrino mixings is almost 
equivalent to talk about theoretical results based on the approximate /x-t symmetry. This is based on the good 
guiding principle to understand sources of small quantities in physics, which is the naturalness (26|. The naturalness 
dictates that the smallness of a certain physical quantity (such as sin 2 # 13 -C 1 and/or Am^/IAm 2 .^ <1) implies a 
certain protection symmetry (such as the /x-r symmetry). Furthermore, the similarity between charged leptons and 
neutrinos loses direct linkage because charged leptons are Dirac particles but neutrinos can be Majorana particles. This 
significant difference yields sufficient power to construct various models based on the /x-r symmetry [T3, H3, HI] • 

In this article, along this line of thought, we discuss properties of the leptonic CP violation without entailing details 
of textures and examine constraints on various flavor neutrino masses to be compatible with the current neutrino 
oscillation data. We focus on describing the CP violating Dirac phase as well as the mixing angles in terms of flavor 
neutrino masses as general as possible. As a result, Upmns is completely expressed in terms of flavor neutrino 
masses and we understand which flavor neutrino masses mainly control which part of the leptonic CP violation 
[29l ] . To construct Upmns, we must find three eigenvectors associated with M [H, [2t| [3(1 . We first determine 
eigenvectors for the /x-r symmetric part of M. In the symmetric limit, the eigenvectors are found to generally contain 
a redundant phase to be denoted by p in the v e -v^ mixing, which serves as an additional CP violating Dirac phase 
after the /x-t symmetry breaking effects are included. Next, to see the /i-r symmetry breaking effects, we employ the 
usual perturbative analysis of M, where the /i-r symmetry breaking part of M is treated as a perturbation. This 
perturbation yields another phase to be denoted by 7 associated with the v^-Vr mixing to fill Upmns m a consistent 
manner. However, this phase 7 is completely removed without affecting CP violation. On the other hand, to remove 
the phase p affects CP violation and results in p + 5 as a physical CP violating Dirac phase. We keep p in the PMNS 
unitary matrix to trace its effect. Considering the perturbative results, we are led to general formula to express these 
mixings, and CP phases in terms of M itself. 

Our formula are shown to indeed reproduce the perturbative results and to consistently take care of the effect of 
the redundant phases p and 7. It turns out that S and p are determined to be 

S = -arg (sin 23 M' e/1 + cos 23 M' eT ) , (3) 
p = arg (cos 9 23 M' e ^ - sin 23 M' eT ) , (4) 



1 For sin 0i2 = 0, textures must contain a small parameter denoted by r\ and yield tan26>i2 ~ e/r/, which vanishes as e — » but stays 0(1) 
for r\ ~ e, where e stands for a fi-r symmetry breaking parameter. The Dirac CP violating phase becomes S + p, which vanishes as will 
be shown in Eq JlSI I. 

2 The parameter a is so chosen to yield sin 023 = c/v2 in Eq. Q after diagonal zing the fi-r symmetric M v , where M eT =— crM ef j and 
M TT =Mf lt _ l are satisfied. This assignment of a also appears in Eq. l)A2|l . 

3 The condition is in fact found to be a solution to |M eM | 2 — \M eT \ 2 = \M TT \ 2 — \Mf lfJ ,\ 2 (corresponding to M(j M = M Tr ), which is the 
relation satisfied by a set of flavor neutrino masses discussed in Ref. |22l . 
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where M' = e* 7 M eAI , and MJ, T = e * 7 M eT are the redefined masses, which mean that the effect of 7 is absorbed by 
the redefinition of masses. If p is removed, eT are shifted to = e^ 7_p ^M eA1 , and M.' eT = e~ 4 ( 7+p )fvl eT , which 
give 6 + p in place of 5 in Eq.Q as expected. The atmospheric neutrino mixing angle is also determined and given by 
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crsin6>i 3 sin26>i 2 cos(5 + p) Am| . k(M„„-M tx ) , r . 
2N ' Sm0= 2N ' (5) 



where k = Re(M^ T )/ |Re(M^ T )|, N = ^/Re 2 (M^ T ) + (M w - M TT ) 2 /4, and M^ T = e'^M^. The observed mass 

difference squared Am|, is given by Am% = m 2 . — m 2 (> 0). For textures with sin #13 7^ 0, the maximal atmospheric 
neutrino mixing is indeed provided by the maximal CP violating Dirac phase giving cos(5 + p) — as long as 
= M rT is satisfied. It should be noted that the combination of M e ^M /1T M re (= M eM M MT M* T ) appearing in Jcp 
becomes independent of the redefinition of the flavor neutrinos as expected because of M' M' M^* = M eM M MT M* T 
for M' efi = e^-P^M^, M' eT = e -^+^M eT and M^ T = e^M^. 

This paper is organized as follows. In the next section SecHIl we discuss physical consequence of the p-T symmetric 
part of M. The new phase p is generally associated with M eMjeT . In Sec lIII| the discussions are further extended 
to include textures without the p-T symmetry. We first calculate Upmns composed of three eigenvectors by the 
perturbative method, which treats a p-T symmetry breaking part of M as a perturbation. We next derive a set of 
formula suggested by the results of the perturbation to calculate the mixing angles and phases, which can be applicable 
to any textures without the approximate p - r symmetry. In Sec lIVI properties of neutrino oscillations are discussed 
by using our results given by the formula. To see the power of our formula, a simple neutrino mass matrix is analyzed. 
The final section is devoted to summary and discussions. 



II. p-T SYMMETRY 

Let us begin with defining a neutrino mass matrix M v parameterized by 4 

M ee M e(U M e . 

M v = \ M elh M w A/ MT ] . (6) 

The p-r symmetry can be defined by the invariance of the flavor neutrino mass terms in the lagrangian under the 
interchange of ^ i/ r or ^ ^ -v T . As a result, we obtain M eT = M efl and M MAt = M TT for <-> v r or 
M eT = —M efl and M w = M TT for <-> —v r . We use the sign factor a = ±1 to have M eT = —oM etl for the p-T 
symmetric part under the interchange of <-» —av r . If M„ has CP phases, we have to use the Hermitian matrix M 
to find eigenvectors of M v , which can be divided into the p-T symmetric part M sam and the p-T symmetry breaking 
part Mb as shown in the Appendix [AJ 

The p-T symmetric part ~M. sym in Eq. (|A3|) is analyzed in this section. We introduce a phase parameter p to express 



B+ = e i "\B + \, (7) 



leading to 



A e lp \B+\ -cre l P\B^ 

M sym = ( e-*"|B+| D+ E+ I . (8) 

-cre-^l-B+l E+ D+ 

Three eigenvalues denoted by A± and A associated with M sym are found to be: 

A± = D+ - aE+ + \B+\X±, A = D + + aE+, (9) 



4 It is understood that the charged leptons and neutrinos are rotated, if necessary, to give diagonal charged-current interactions and to 
define the flavor neutrinos of u e , and v T . 
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where 



A-D+ + <tE+ ±J(A-D + + aE+f + 8\B. 



+ 



2 



X± = -2WI\ ■ (10) 



The corresponding eigenvectors are calculated to be 

-X. 




|A-> = N- ( -e-*» | , |A + ) =N+ ( 1 ] , |A) = — ( a | , (11) 

■p-ip 




respectively, for A_, A + and A, where N± = ^2 + X±. There is an ambiguity to have an overall phase in each 
eigenvector. The orthogonality condition is obviously satisfied because of X + X- — —2. 

Considering the phase p in Eg. (|1 1|) . we parameterize the PMNS unitary matrix to be: U P °l INS (8,p) = 
UAS,P,0)K(p u p 2 ,(3 3 ): with 

C12C13 

U v (S,p,0) = \ -c 23 s 12 e~ lp - s 23 c 12 s 13 e tS c 23 ci 2 - s 23 s 12 s 13 e^ 5+p ^ s 23 c 13 )• (12) 
S23S 12 e~ lp - c 23 c 12 s 13 e tS ~s 23 c 12 - c 23 Si 2 Si 3 e l( - 5+p) 

It should be noted that the Dirac CP violation is characterized by sin 6*13 sin((5 + p) instead of sin(9i 3 sin<5 as indicated 
by Jcp- It is obvious that M. sym is equivalent to 

M' sym = ( jPBX D + E + ) = | \B+\ 'D+ E+" ] , (13) 

corresponding to Eq. (|A7p with a + — p and a_ = 0. Since ~M! sym yields Up^% s with (5 = 0, the phase p disappears and 
no CP violation exists. However, if there are p-r symmetry breaking effects, CP violation is active. It is anticipated 
that the effect of p remains in Dirac CP violation, where 5 in Up^NS 1S re pl ace d by 8 + p at UpM NS . To trace the 
effect of p explicitly, we keep p in the PMNS unitary matrix hereafter. 

As have been pointed out in Ref.[13|) there are two categories that characterize the effect from the p-r symmetry. 
In terms of the mixing angles, the p-r symmetry requires either sin #13 = or sin #12 = 0. In terms of the eigenvalues 
of Eq.©, two categories depend on the order of |A±| and |A|, namely, on how these three eigenvalues are assigned 
to 7711,2,3- For mi = A_, m 2 = A + , and m 3 = A, if M gives |A_| < |A+| < |A| as the normal mass ordering or 
|A| < |A_| < |A+| as the inverted mass ordering, we find Upmns described by 



A 


er tp B + 


-<re- ip B. 


e tp B* + 


D+ 


E+ 


■ae ip B\ 


E+ 


D+ 





CA ) ! ;a.) ; ;a))= I 1 • 1 [ i I — I -II- « l4 » 

which yields 

tan20 12 = - 2 ^g+l tan20 23 = a, sin0 13 = O. (15) 

D + — aE + — A 

On the other hand, for mi = A + , m 2 = A, and m 3 = A_, if the eigenvalues satisfy |A + | < |A| < |A_| as the normal 
mass ordering or |A_| < |A + | < |A| as the inverted mass ordering, we find that Upmns is described by 

(]A + > , |A> , |A_» = [ . 1 [ ae~ ip ) ±= \ 1 ) . 1 | ||, (16) 




where e lp is multiplied to |A±) and the relative sign due to a is adjusted to match U p ° MNS , which yield 



2y/2a\B 



sin^ 12 =0, tan20 23 = - ( T, tan20 13 = (17) 
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By comparing Eq. (fT6]) with Eq. (fl"2"f . we obtain 

S = -p. (18) 

The Dirac CP violation is absent in both cases because of sin#i3sin(<5 + p) = satisfied by either sin 6*13 = or 
8 + p=0. 

We have more convenient formula for masses and mixing angles as shown in the Appendix |B] with 7 = 0. These 
formula yield the same results given by the eigenvectors and eigenvalues. Applying ~M. sym to these relations, we find 
that 

Re (E + ) cos 20 23 = -s 13 c p+s \X\, s 13 s p+s \X\ = 0, (19) 

and 

v (c 2 3 + o-s 23 ) B+ 

X = . Y = (S23 - o-c 23 ) B+. (20) 



By using tan 13 = + tan 2 29i 3 — 1)/ tan2#i 3 = tan26*i 3 (l -| ) oc \Y\ from Eq. (|Bl[) and noticing that cos20 23 = 

(C23 + cs23)(c23 — CS23), we find that the solution to Eq. (|19[) turns out to be either 

C23 = CTS23, (21) 

leading sin 6>i 3 = with 6 = 0, or 

C23 = -CTS23, (22) 

leading sin 6*12 — with 8 = —p because of Eq. ([20|) with tan2#i 3 e~ il5 cx Y and B + cx e lp . 



III. fjrT SYMMETRY BREAKING AND CP PHASES 

The p-r symmetry breaking M& in Eq. (|A3p is analyzed in this section. We choose conventional perturbative 
analysis with M& treated as a perturbation to find eigenvectors and eigenvalues associated with M. An additional 
phase 7 is induced by E- in M& as a main source, which is to be removed by the redefinition of v^ r- The inclusion 
of Mb creates either sin #13 ^ or sin #12 7^ 0. However, the perturbative treatment only allows to induce tiny 
magnitude of sin #12,13. For sin #12 ~ 0, we cannot give the consistent result with the observation, which requires that 
sin 2 20i2 = an d physical consequence of textures with sin $12 = in the p-r symmetric limit will be discussed 

in a separate article. 



A. Perturbative Results 



The starting eigenvectors and eigenvalues are provided by 



1(0) ) = 



V2< 



,(<») 



*12 e 



a/2. 



• (0) , 

'12 1 

.(0) 



„(") 




(23) 



and, from Eq. (|B3 



,(0)2 _ f0)2 



A 



,(0)2 



,(0)2 
'12 

„(0)2 
12 



(D + -aE + )-2V2c^s^\B, 



aE 4 



■2V2, 



.(0)„(0) 
12 *12 



<jE 4 



for textures with sin $13 = 0, where we have used the superscript (0) for mixing angles determined by Eq. p5[) 



these results, we can find the first order results \nW) and m^ 2 (n — 1, 2, 3) as follows 



3(0) 



2 (D 



3(0) 



3«\ = - 



,(i)* 
'13 



L (o)\ 



,(1)* 

'23 



2 (0) 



(24) 
From 

(25) 
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where 



0$ = o 



D V2cf 2 ] B*_ - 8$ (£>_ - ioE_ ) 



(o) 



(0)2 (0)2 

m\ — TTlg 



n V2sf 2 ] Ble ip + {D- - icrEJ) 



(o) 



(0)2 (0)2 

m 2 — rn 3 



and 



(1)2 (1)2 (1)2 „ 

m\ — m 2 — = U. 

,(()) 



(26) 



(27) 



The three eigenvectors are now described by \n) = \n^ ') + \rv- '} (n — 1, 2,3). For instance, |3) is calculated to be: 



f 2(2-_R.cos26»52 ) )B_+\/2sin2e<2 ) (_D_+CTi£;_)e if ' \ 



|3) 



V2 



2Am 



a 1 



V 



1 - 



(2+flcos2ej2 , j(D_+(Ti£;_) + v / 2flsin 2fl* 2 'B_e~ ip 
2Am atm 

cos 20<° ) ) (D- +aiE- ) + V2R sin 2fl< 2 ) B_ e" ip 
2Am',„ 



(28) 



/ 



where Am^ tm = m§ — (m? + m2)/2, and |i?| <C 1 for i? = Am|/Am^ tm is used. 

The PMNS unitary matrix can be constructed to be: (|1), |2), |3)). By using Eq. (j2"8)l . we observe that the 

corresponding part in U P ° MNS , i.e. (sise~ lS , S23C13, c 2 3Ci3) T , cannot be constructed from |3) because of the presence 
of the imaginary parts in all entries. It is found that a new phase 7 defined in 



1 

e l ~< 
e~ l ~< 



(29) 



is responsible for all phases in Eq. (|2"5)) . 5 In fact, the PMNS unitary matrix Upmns that diagonalizes ~M. sym + 
can take the form of 



Upmns {5, P, l) = P~fU P °l INS (5, p) = U v {5, p, 7) K (/?!, /3 2 , 

where 

U l ,(S,p,i) = P 7 U„(8,p,0). 
We can identify |3) with the third row in Upmns and find that 



13) 



size 

S23e 
C23e" 



1 

V2 



a {I - A + £7) 
1 + A - ij 



(30) 
(31) 

(32) 



This identification leads to 



V2(2- Rcos26vi)B- + i£sin20i 2 (D_ + aiE-)?- 



cos 209 



2A) 



(2 + i? cos 26»i2 ) D- + v / 2i?sin26»i 2 Re (S-e"^) 



(2 + Rcos26 12 ) oE^ + V2i?sin20i 2 Im (B_e 



(33) 



5 There may be another phase (t) associated with the 2 — 3 rotation as ( . _ 23 • 23 I for (u u , u T ), which is not appropriate 

y — sin #23 e cos #23 / 

to describe Eq J28H in the limit of |r| <C 1. The coexistence of 7 and t is mathematically irrelevant because three phases of the Dirac 
type are sufficient to determine the PMNS unitary matrix. The phase r can be absorbed into p and 7. It can be proved that we have 
p' = p + -r/2 and 7' = 7 + r/2 in place of p and 7 in Eg .1 1361 1 with 8' =8 + p + r so that the freedom of r expressed in terms of 8' , p' and 
7' becomes hidden. 



7 



where 0\2 ~ 0^ 2 ■ 

The phase 7 turns out to consistently take care of other extra phases in |1) and |2). It is known that the phase 
7 can be removed by appropriate redefinition of the neutrinos. Let Vfi avor — { v e, v T ) T and v mass — (vi,v 3 ,v 3 ) T . 
Because Vfi avor = P-,Upl INS Vmass, new flavor neutrinos given by v' flavor = P^ 1 Vfiavor are transformed by Up' MNS . 
In this flavor base, we obtain that -C m =vfi avor M' v i/^ avor /2 with v' flavor = Up MNS v mass and 

Ml = ( e^M^ e 2i W Mfl | , (34) 

e~*M„ M„ T e 3i W TT 

which is nothing but Eq. (|A7|) with a_ = —7 and a e ,+ = 0. The phase 7 is now absent in the PMNS unitary matrix 
for M' v . 

If the jti-T symmetry breaking terms have similar strengths, we expect that \B- \ ~ ~ \E-\. If this is the case, 
Eg. (|3"3")l can be further reduced to 



_ i5 V2aB^ 2D. 2aE_ 

5136 Am 5 ' COSW23 A^ 5- ' 7 2Am 2 ' (35) 

LAm atm LAm atm LLym atm 



because of i? <C 1. Considering Eq. ([35|) and Eq.(0 for p, we observe that 

• the (Jj-t symmetric B + is the main source of p, 

• the fi-T symmetry breaking B- is the main source of 5, 

• the fA-T symmetry breaking Z3_ is the main source of cos 2023 > 

• the jjrT symmetry breaking E— is the main source of 7. 

These are our main results found in textures with the approximate \i-t symmetry. 



B. Exact Results 

As suggested from the subsection llll A[ we may employ M' v of Eq. (|34|) and U pmns of Eq. ([30]) . The direct calculation 
from t/p MArs M[/pA/Afs=diag.(mf , m|, rn 3 ) yields three constraints and three masses expressed in terms of My (i, j — 
e,fi, r) just corresponding to Eqs. (|Bl[) . (|B2[) and (|B3|) . Let us define new flavor neutrino masses and a new Dirac 
phase 5': 

X' = e- ip X, Y' = e- ip Y, 6' = 5 + p, (36) 



which are induced by the appropriate redefinition of the neutrinos with a+ = p and a_ = —7 in Eq. (|A7p . In another 
words, it is equivalent to show that 

Vfiavor UPMNS p, 7) 

^mass 

"flavor = U^Fl G NS (*') "mass = Uy {5', 0, 0) K (ft - p, 2 , #,) Vmass, (37) 

as in Eq.(|A"5]) with a e = -p. It is obvious that BEC* (=M e/J M MT M Te ) = B'E'C* (=M^M^ T M^ e ) , which reassures 
that Jcp is a weak-base- independent quantity. The formula in the Appendix [B] are a little bit modified and relations 
to be modified are expressed in terms of the new masses and phase as follows: 

2X' . _„ _ i5 . 2Y' 



tan 26»i2 = -r 7-, tan26>i 3 e~ - 

A2 — Ai A3 — A 

Re (E') cos 26l 23 + D- sin 20 23 + ilm (£') = -s 13 e~ iS ' ' X'* , 

v , C23B' - S23C , , , 

X = (= real), Y = S23B + c 23 C , 

Cl3 

A 2 = c 2 23 D + s 2 23 F - 2s 23 c 23 Re (E') , A 3 = s 2 23 D + c 2 23 F + 2s 23 c 23 Re (E') . (38) 
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These relations together with other relations in Eqs.fB3J) and (|B4[) guarantee that diagonal masses are obtained by 
UpMNSi w hich does not contain p and 7. To determine p and 5 can be rephrased as follows [3l| : 

t&n ° 23 ~ Im(e-'(^)C) " - Im(e<(*+7)2?)' (39) 

owing to the absence of the imaginary part of X' and e lS Y' . Our formula can be used to examine textures with 
sin 812 — * in the [a-t symmetric limit. 
From the relations, we find that 

• the CP phase p is the phase of the flavor neutrino mass: C23e n B — S23e - * 7 as 

p = arg (c 23 e^B - s^e^C) , (40) 

• the CP phase S is the phase of the flavor neutrino mass: S2z& ll B + C2z&~ %1 C as 

S = -arg (s 23 e^B + c^e^C) , (41) 

• the real part of Eq. (1B2[) 

Re (e- 2i "<E) cos 26> 23 + D_ sin 26> 23 = -S13 cos (p + <5) e lp X* (= -x) , (42) 
determines cos 2# 2 3 , which is given by 



kctL>_ WRe 2 (e^E) + D 2 _ - x 2 + xRc (e^E) , n 

COS 26*93 = t n — cos ( <7 — 

Re 2 (e- 2 *T£0 + £> 2 V 2 



'Re^(e- 2 ''T£?)+D?.-a: 2 era; 

sin 6 1 



Re 2 (e-^E) + D 2 _ / Re 2 (e _ 2i7S) + & 



sin = = , (43) 



'Re 2 (e- 21 ^) + D 2 yW (e^E) + D 2 _ 

where k is the sign of Re(e _2z7 -E), from which we obtain that $23 = cttt/A + (6 + (/>)/2. 
• the imaginary part of Eq. (IB2[) 

cos 2 7 Im (E) ~ sin 2 7 Rc (E) = s 13 sin (p + S) e ip X* (= x') , (44) 
determines 7, which is given by 



re'Im (£) a/ISI 2 - x' 2 - z'Re (£) 

sin 2 7 = ;V ' ^ = sin 6/ - 6'). 

\E\ 



E\ 2 - x 12 



cos. = , sm, = M 

Be(E) . n'\Im(E)\ 
cos0=— , 

where k' is the sign of Re(E'), from which we obtain that 7 = (4>' — 0')/2. 



(45) 



These exact results can be used to examine any textures. If textures are approximately /i-r symmetric, the perturbative 
result can be shown to be reproduced. 

To see that the perturbative result Eq. (|3"3"l) is reproduced, we introduce the approximation due to I7I <C 1, |A| <C 1 
and sin 2 013 <C 1. Note that I7I < 1 in Eq. (|45| practically requires the suppression of lm(E). Using I7I <C 1, and 
Re (e- 2l ~<E) w aAm 2 atm /2 together with X = e lp sh\2e 12 Am 2 } /2 in Eq.(|B6|, it is readily found that 



cos26> 23 (« 2 A) - 



(2 + R cos 26*12) D— + (TS13 cos (p + S) sin 26*i2AmQ 
Ar" 2 



atm 



(2 + i? cos 26»i 2 ) Im (E) - S13 sin (p + <5) sin 26»i 2 Am 2 
2Am 



^t-2 -> (46) 



atm 
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form Eqs. (|43"f and (|45)l . which coincide with cos 26*23 and 7 in Eq. (|33|) because of \[2B_ w crsi^e ,s Am^ m . The 
mixing angle tan 26*13 m Eq. (|Bl|) with A3 — A w (2 + i? cos 26*12) Am 2 tm /2 becomes 

tan2^ 3 e-^ » 4^a-^-±^-#V 
(2 + i?cos26'i2)Am2 4m 

n/2 (2 - R cos 26»i 2 )B_ + (17 - A) e ip sin 26*12 Am^ 
~ ° Am 2 ' (4?) 

where Eq. (|B6[) is used to give B + « e lp sin 26*i 2 Am| ) /2v / 2- Inserting Eq.([4"6|) into Eq.(l4"T| and ignoring terms of 0(R 2 ), 
Eq. (|47|) coincides with the perturbative result Eq. (j33|) . The conditions of | cos 26*23 1 ^ 1, M "C 1, and | sin 6*13! ^ 1 
are, respectively, satisfied if < |Am 2 tm |, |Im(i£)| < |Am„ tm | and < |Am 2 tm |. 

Once again, predictions of the observed quantities such as neutrino masses and mixing angles are independent of 7 
and p because they depend on the modified neutrino masses in Eq. (|36[) , where p and 7 are hidden by the definition of 
the masses. However, it should be noted that 7 supplies p-r symmetric breaking effects because the rotation induced 
by 7 is of the p-r symmetry breaking type. In approximately p-r symmetric textures, I7I <§C 1 should be satisfied. 



IV. PROPERTIES OF NEUTRINO OSCILLATIONS 



The mixing angles and associated phases are expressed in terms of the flavor neutrino masses. The CP violating 
Dirac phase 8' — 8 + p is determined as 8 = — arg(Y) and p = arg(X), where 

X = C2 3 ^M efl - S23 e~^M eT , 

Y = aaae^M^ + c 23 e-^M eT , (48) 

which also controls the mixing angles as in Eq. fjBlj) given by 

9 v ny 
sin2^ 2 e^ = — — , tan26-i 3 e- i5 « — -j— , (49) 
Am© Am z atm 

where A 2 — Ai = cos26*i 2 AmQ and A3 — A w AmJ im are used. To obtain sin 2 6*13 ;$ 0.01 and tan26*i2 = 0(1) 
calls for two constraints: 1) \X\ ~ AmQ and 2) |Y| < 0.1 |Am 2 tm |. If there is an approximate p-r symmetry, 

X *i V2(B++ B-A) and Y « \/2 (B_ + 5+ A) are satisfied. Since the smallness of and A is a result of the 
approximate p-r symmetry, the second constraint is naturally expected. However, the smallness of \X\ needs that of 
\B + \ as an additional requirement. 

The deviation of the atmospheric neutrino mixing from its maximal one is estimated to be: 

fc. = <rj + i±* (50) 

where 6*, and <f> are defined in Eq. (|4"3"l) . We observe that the phenomenological constraint that the atmospheric 
neutrino mixing is almost maximal is well satisfied if M PM ~ M Tr for 0^1 because 6* <C 1 is always satisfied by 
\X\ = Am|/2 sin 26*12, and Re (e^M^) » aAm 2 atm /2 as in Eq.(|B5|. This constraint M w ~ M TT supplemented 
by \Y\ ~ indicates the presence of the approximate p-r symmetry if the additional constraint I7I -C 1 leading to the 
suppression of |Im(M Mr )| is satisfied. 

We can also argue how the mass hierarchy of | Am 2 tm | 3> Arrig constrains the magnitude of M ee , M w + M rr and 
M MT from Eq. (|B5p . The results can be summarized as follows: 

• for the normal mass hierarchy with | Am 2 t „J » m o, + M rr w 2crRe(e _2l7 M pr ) w Am 2 tm » 2M ee are 
required, 

• for the inverted mass hierarchy (A3 -C |Am 2 tm |) and the degenerate mass pattern (A3 ~ |Am 2 tm | with m\ ~ 
ml ~ m\ ~ (Am^J), both with 2|Am 2 t J « £ n»|, 3M ee « M M/i + M rr k 6crRe( e - 2 ^M Air ) « 3Am 2 tm are 
required, and 

• for the degenerate mass pattern(^ m| ^> |Am 2 tm | with m\ ^ m\ ~ m\~5> |Am 2 tm |), 2M ee w M MM + M rT w 
X^ TO © » 2erRe(e _2,7 M Air ) are required. 
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The set of these constraints serves as a useful guide to search for specific textures. 

As an example, let us consider the simplest mass matrix discussed in Ref . (321] . which is 

as 2 

'« = -y ( be i - : n | . ( r,:i) 

in our assignment, where a, b are real, and e 2 <C 1. The normal mass hierarchy is realized. Because 7 turns out to be 
0(e 2 ), the phases p and 6 are calculated from 

X (oc e p ) PS j^-e '2 cos-, F (oc e ) ps « -=^e 4 2 Sm (52) 




to be 



for 



2V2 2' v ; V2 2' 

(53) 



a a 7r 

2' 2~2' 



tan20i 2 «-F cos-, tan26q 3 ps — ^sin-, (54) 

>/2(A 2 -Ai) 2' A 3 -A 2' v ' 

from which we find that X(cx e 2 ) and F(cx e) satisfies the condition \X\ <C From A, Arrig is computed to be: 

Ami ps — y — cos -. (55) 

sin 26>i2 2 

The dependence of e is different for tan26>i2 and tan 26*13. As a result, tan26>i2 = 0(1) is satisfied because A2 — Ai = 
cos 2#i2 Arn|, is proportional to e 2 while tan26*i3 ~ e is satisfied because of A 3 — A ps Am 2 tm from Eq. (|B5p . 
Since the Dirac CP violating phase is given by 5 + p, we find that S + p ps —ir/2. This texture shows 

• almost maximal CP violation 

irrespective of the size of a. The same conclusion can be obtained by evaluating Jcp-, which is given by 

Im(M eM M MT M re ) V26e . . a 

JCP = Aml^Am 2 , * ~8" Sm 2012 Sm 2 ' (56) 

J7c p = — sin 2(9i2 sin 26*23 sin 26*13 cos 6*13 sin S ps — - sin 26*i2 sin — sin S, (57) 
8 8 2 

where we have used Am 2 2 = -Am| and Am^ ss —Am 2 3 ~ Am 2 tm in Eq. (j56|) . and sin 26*23 ~ &, sin2^i 3 from 
Eq. (|54|) . and cos 6*13 ps 1 in Eq. (|57|) . These two results indicate that sin<5 ps — 1 corresponding to 5 + p ps — it/ 2 in 
our estimation, thus confirming the conclusion: the emergence of almost maximal CP violation, which differs from 
the conclusion in Ref.[32j. The atmospheric neutrino mixing is almost maximal because of 6 ps from 5 + p ~ —n/2 
and = from M w = M TT in Eq. (|43"|) . and is also consistent with Eq.® giving Im(e" ip M eM ) ss crIm(e^ p M eT ) ps 
2aesin(a/2). The advantage of our method lies in the fact that the source of the CP violating phase can be directly 
related to M e/j er in X for p and in Y for 5. The appearance of the almost maximal CP violation can also be read off 
from the redefined texture given by Eq. (|A6p with a + — —a e —a/2, and a_ = —7 (« 0): 

/ ae 2 e- ia tee - ^*" 7 ) - a bee 1 ^^) \ 
K**^y\ &ee- l (t-7) (i + £ ) e 2n a . (58) 

V -abee 1 ^-' 1 ) a (1 + e) er 2 ^ ) 

It yields the almost maximal CP violation because this texture approximately satisfies the condition on the maximal 
CP violation: M' eT = -oM'*^ M' TT = M'*^, and M' ee + crM^ T =real [U HH, [22|, Hj| , where the last condition is valid 
up to the order e. 
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V. SUMMARY AND DISCUSSIONS 



We have clarified the connection between the CP violating phases and phases of the flavor neutrino masses. In 
terms of the PMNS unitary matrix, any textures can provide Upj^NS constructed from their three eigenvectors if the 
flavor neutrinos are appropriately rotated. However, in terms of the flavor neutrino masses M v , appropriate rotations 
modify the phase structure of M v and the amount of the rotations can be absorbed in the redefinition of the flavor 
neutrino masses. Our formula automatically take care of the effect of these rotations, which yield 

A B C\ ( A B' C'\ I A e^-^B e'^+^C ' 

M = ( B* D E 1 — > M' = I B'* D' E' = e-^^B* D e~ 2 ^E ) , (59) 
C* E* F ) \C* E'* F' I \ e t(i+p)c* e^E* F 

If M is employed, the PMNS unitary matrix is U PM ns of Eq.([30]) while, if M' is employed, it is U^% s of Eq.©, 
where p and 7 are absent. The phases p and 7 are thus redundant. Namely, for 

{ e-w \ 

"flavor = e_l7 "flavor, (60) 



e* 7 



we have found that 



V flavor = Upmns (8, p, 7) v mass = U v (S, p, 7) K (ft , ft , ft) v mass for M, 

"'flavor = U^I G NS 0* + P) "mass = U V {8 + P , 0, 0) K (ft - p, ft, ft) U mass for M'. (61) 

For both cases, we obtain Jcp proportional to sin(<5 + p). It should be noted that the Majorana phase for v\ is shifted 
by the rotation of the flavor neutrinos. The required amount of the rotations to remove p and 7 in the PMNS unitary 
matrix can be determined from p = arg(JT) with X = (c23e l7 M eAt — S23e -I7 M er )/ci3, and 7 = (<j)' — 0') /2, where 9' , 
and <t>' are defined in Eq. ([45|) . The Dirac CP phase i5 is determined by 5 — — arg(F) with Y = S23e J7 M eAI +C23e~ i7 M er . 
It should emphasized that the phases p and 5 are, respectively, associated with tan2$i2 and tan 2^13: 

tan26>i 2 e v oc X, tan26»i 3 e~ 1 ' 5 oc Y. (62) 

We have also found that Jcp is independent of the redefinition of masses in Eq. ((59|) because of M^M^MJ,*,. = 
M.,,M„-M; r . 

The conditions satisfied by approximately p-r symmetric textures are equivalent to those for textures without CP 
violation, and are described by 

• s 23 e l7 M eM + c 23 e^ 7 M eT ~ 0, 

• M w - M TT . 

The additional condition is required for textures with CP violation: 

• In^M^,-) ~ corresponding to 7 ~ 0, 

where 7 is calculated in Eq. (|45p . If the p-r symmetry breaking parts of M have similar strengths, we conclude that 

• the p-r symmetric B + is the main source of p, 

• the p-r symmetry breaking _B_ is the main source of <5, 

• the p-r symmetry breaking is the main source of cos 2023 > 

• the p-r symmetry breaking E- is the main source of 7, 

where B±, D- and E- have been defined in Eq. (|A2j) . As one of the exact results, we have obtained that 

9 23 = ±tt/4 + (6 + 4>)/2, (63) 

where 6, and <fi are defined in Eq. (|43[) . The maximal atmospheric neutrino mixing is realized only if cos(i5 + p) = 
and = M TT are satisfied. Therefore, we observe that 



• the maximal Dirac CP violation is linked to the maximal atmospheric neutrino mixing, 
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for sin 7^ 0. This condition is satisfied in the textures discussed in Ref . [20l. |2ll I22I [25| . 

To give complete discussions on the leptonic CP violation, we have to consider the Majorana CP violation. As in 
Eq. (|6Tj) . the redundant phase p remains in the Majorana phase because Majorana masses directly receive the effect 
of phases in M v . Since the present method is based on the Hermite matrix M^M^, the CP violating Majorana 
phases disappear in MJ.M„. To obtain effects of the Majorana phases, the simplest way is to perform the transforma- 
tion Up MNS MvUpMNS=di&g.(mi, 7712, ^3), which is expected to lead to the similar result to the one shown in the 
Appendix of Ref.[2l[. We will discuss this extension of the present method in future publication. 
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APPENDIX A: M -r SYMMETRIC TEXTURE AND BREAKING PART 



In this Appendix, we show the parameterization of our neutrino mass matrix. For a given M u , we can formally divide 
M v into the /i-r symmetric part M sym and its breaking part M b expressed in terms of M^ = (M e(J ± (—a M eT ))/2 
{a = ±1) and M$ = (M^ ± M TT )/2 USEI: 



M u = 



M efl -aM efM 



-aM efl M^ T 



= M sym + M b 



(Al) 



with 



M 



sym 



( M ee Mi +) ~<JM^ ] 
M e ( + } M$ 



M, 



M, 



(+) 





( 






M b = 



















(A2) 



The lagrangian for M sym : —Cmass — v T M sym v jl with v = (y e , 1/^, v T ) T turns out to be invariant under the exchange 
of i/ p <-> -av r . We parameterize M(= M^M V ) as M= M, 



sym 



where 



A = \M, 
B. 



A B+ -aBj, 
B% D + E + 
-aB* + E + D + 



-M 6 



M h 




B_ aB- 
-iE- -D. 



(A3) 



Aft") 



B- 
D. 

E- 



Mti 



±v± efi 



\M„ 



: 2Re (M(;)*M e (+) + M/-)*M/+)) , 
Re(£) = (j 



2Re 



= Im(£7) = 21m (M^M^ - aM^*M^ 



(A4) 



for E = E + +iE_. Similarly, we define B=B+ + C=-cr(B + - £_), + L>_, and F=£)+ - L>_ to describe 

matrix elements of M. 

By the redefinition of the flavor neutrino Vfiavor — {v e , v^, v T ) T as 



v 



flavor 



e la " 
e la » 
e ia -- 



Vfla 







<»*(<*+ -a-) 



(A5) 
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for a + = (a^ + a T )/2 — a e and a_ = (a M — a T )/2, this M v becomes equivalent to 



M' v = e- 2la - e-< a + +a -'Wl eli e- 2l{a + +a -^M^ e~ 2la +M^ T . (A6) 
y e -i( a+ -a-) MeT e ~2ia +M ^ e -2i{ a+ -a.) J 

The relevant interactions are kept invariant as gl^W^ Vf lavor / - v^ lavor M v Vfi avor /2 = gi J^wfr Vfi avor /y/2 ~ 



VflavorK" flavor/"*' wh ere t = (4,^,4f = (e, /x, r) T and ^ = e «V^ for / = e,/i,T. Similarly, 

/ A e -i( a+ + a -) B e - l (a + - Q _) C - 

M' = e i(a++ a -) B * D e 2ia -E ), (A7) 

y e »(a+-«-)(7* e~ 2ia - E* F 

is equivalent to M in Eg. (|A3|) . 

It is instructive to note that there are three typical forms of the PMNS unitary matrix depending on how the flavor 
neutrinos are redefined: 

1. Upmns with 5, p and 7 

10 \ / c 12 c 13 s 12 c 13 e ip sige-" 5 

e n -c 23 si 2 e~ lp - s 23 ci 2 si 3 e lS C23C12 - S23Si2Si3e l(l5+p) s 23 ci 3 

e~ n J y s 2 3S 12 e' tp - c 23 c 12 s 13 e lS -s 23 c 12 - c 23 s 12 s 13 e^ s+p ^> c 23 c 13 

e^ 1 

e ifts I , (A8) 
e i/33 

for 

/ A B C\ 

(A9) 




2- Upmns with 5 and p 



Cl2Cl 3 


si 2 ci 3 e lp 




f e if>i 








-c 2 3Si2e~ lp - s 23 ci 2 si 3 e 1 ' 5 


c 23 c 12 - s 23 si 2 si 3 e l(,5+p) 


S23C13 










S23Sl2e~ V - C2 3 Ci2Si 3 e i5 


-S23C12 - C23Sl2Si 3 e l(l5+p) 


C23C13 / 


V 





e^ 3 



for 



(A10) 



A e^B e-^C \ 
e -ij B * D e -^E , (All) 



e 



* 7 C* e 2il E* F ) 



3- Upmns with £'(= <5 + p) 




for 



Cl2Cl 3 ^ Sl2Cl 3 ^ si 3 e~ id 

-C23S12 - s 23 c 12 s 13 e lS ' c 23 c 12 - s 23 s 12 s 13 e lS ' ^ s 23 ci 3 ) j e i/?2 J. (A12) 
S23S12 - c 23 ci2Si 3 e 115 ' -s 23 ci2 - c 23 si 2 si 3 e 1 ' 5 ' c 23 ci 3 



e i{p-i) B * D e - 2i ^E I . (A13) 



e 



i(p+i)(j* e 2il ' E* F 
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APPENDIX B: FORMULA FOR MASSES, MIXINGS AND PHASES. 

By adopting Upmns of Eq. (j30|) to diagonalize M, which Up MNS M.UpMNS=^^E-{ m \^ m 2> m l) is satisfied. We, 
then, obtain that 

tan2^ e - = x — -, tau2^e^ = x — j, (Bl) 

Re (e~ 2il E) cos 20 23 + D_ sin 20 23 + ilm (e^S) = -s 13 e-^ s+ ^ (e- ip X) * , (B2) 
for three mixing angles and three phases, and 

m\ = c\ 2 k x + s 2 12 A 2 - 2c 12 s 12 e- lp X, ml = s\ 2 K x + c 2 2 A 2 + 2c 12 s l2 e- ip X, m\ = ~ S ^ A , (B3) 

c 13 s 13 

for three masses, where 

x= c a3 e*B-s Xi e-*C y = ^ g + 

Cl3 

c 2 ^ _ fi 2 A 

Ai = ' 13 2 _ f , A 2 = c^-D + s 2 23 F - 2s 2 3C2 3 Re (e^S) , 

c 13 S 13 

A 3 = s 2 3 D + c 2 23 F + 2s 2 3c 23 Re ( e - 2i7 £;) . (B4) 

Note that the Dirac CP violation involves the angle S + p. There are useful relations: 

Sm| - cos 20i2 Am| + s 2 3 (2Am 2 tm + cos 26» 12 Am|) 

2 

2 cos26'i 2 Am 2 3 - s 2 3 (2Am 2 tm + cos20i 2 Am|) 



D+ « ? Am 2 tm + £ 



2 I arm ■ / ^ * i»j ■ 2 



Re fe- 2 -E) - 2D_A « f - cos2 ^ Ato ° + ^ (^1 + cos 20^^ 



Etoq — cos 20i2 Anig Smg + cos20i 2 AmQ 



Ai = a Si, A 



2 



a 2Amg tm + Sm| - s 2 3 (2Am 2 tm + cos20i 2 Am 2 ) ) 

A 3 ~ 2 ' ^ b ' 

up to C(sf 3 ), where X) TO o = m i + TO 2 an( i |Am 2 tm | ^ AmQ is used to neglect other terms. The term tan20i2 in 
Eq. ljBip is identically satisfied by these A1.2 because 

X = ie v sin 20i2 Am|, (B6) 

is obtained from Eq. (|B3[) . 
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